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Abstract
Recently a non-trivial 4-dimensional theory of gravity that circumvents Lovelock’s theorem and avoids Ostrograd-
sky instability was formulated in [D. Glavan and C. Lin, Phys. Rev. Lett. 124, 081301 (2020) [1]]. This novel theory,
named “4D Einstein Gauss-Bonnet gravity”, presents several predictions for cosmology and black hole physics. In
their work, Glavan & Lin present a novel vacuum black hole solution. In this paper, we generalize their black hole
solution to include electric charge in an anti-de Sitter space and explore some properties of this solution, like the
asymptotics, properties of the horizons, the general relativity limit and thermodynamics.
1 Introduction
A diversity of observational data is delivering information with unprecedented accuracy on the strong gravity region
around black holes (BHs) - see e.g. the reviews [2, 3]. These data include, in particular, the gravitational waves
events that have been observed as a result of BH binaries inspiral and merger. Another exciting piece of observational
evidence comes from the release of the first image of a BH shadow by the Event Horizon Telescope collaboration [4,5].
It is then of the uttermost importance to scrutinize good alternatives to the standard General Relativity (GR) paradigm.
When approaching the low energy limit, string theories give rise to effective models of gravity in higher dimensions
that involve higher order curvature terms in the action. It is speculated that these higher order corrections to Einstein’s
GR might solve the singularity problem of BHs. Lovelock’s theorem [6] states that if assuming a 4-dimensional
spacetime, diffeomorphism invariance, metricity and second-order equations of motion, then GR with a cosmological
constant is the unique theory of gravity [1]. In a recent letter by Glavan & Lin [1], however, a novel theory of gravity in
4-dimensional spacetime named ”Einstein Gauss-Bonnet gravity” (EGB), obeying all previous restrictions is obtained
by circumventing Lovelock’s theorem. By rescaling the coupling constant of the Gauss-Bonnet term by a factor of
1/(D− 4), where D is the number of spacetime dimensions, and defining the four-dimensional theory as the limit
D→ 4, the Gauss-Bonnet term gives rise to non-trivial dynamics. Remarkably, this theory preserves the number of
graviton degrees of freedom, thus being free from Ostrogradsky instability [1]. Note that this theory may be considered
a particular case of f (G ) gravity studied, e.g., in [7–9]. The Einstein Gauss-Bonnet model does not resort to any kind
of matter or non-minimal couplings as extended-Scalar-Tensor-Gauss-Bonnet models do [10–13]. This new approach
to gravitational dynamics makes several novel predictions in cosmology and in BH physics. Particularly, in the latter,
a new branch of static spherically symmetric BH solutions is obtained which differs from the standard vacuum-GR
Schwarzschild BH. Remarkably, this BH solution had been found initially in gravity with a conformal anomaly [14,15]
and in gravity with quantum corrections [16,17]. The model considered in [1], however, is a classical modified gravity
model, thus on equal footing with general relativity on this regard. Amongst some remarkable properties, these novel
BHs are ”practically free” from the singularity problem as the gravitational force is repulsive at small distances and
thus an infalling particle never reaches the singularity. Some studies of this new theory include [18, 19] which probe
the innermost stable circular orbit (ISCO), the BH shadow, its stability and quasi-normal modes. In D≥ 5 spacetime
dimensions, BH solutions have been obtained, in the context of Einstein Gauss-Bonnet models, in vacuum [20],
linear [21] and non-linear electrodynamics [22], anti-de Sitter (AdS) spaces [23] and there have been attempts to
construct rotating solutions, e.g., [24, 25].
The AdS/CFT correspondence [26–29] remains one of the most important developments in the last decades. Black
holes in AdS spaces have attracted a great deal of attention in recent times as it has been argued that thermodynamics
of BHs in AdS spaces can be identified with the thermodynamics of a certain CFT at high temperature [23]. A
Schwarzschild BH in an AdS space is thermodynamically unstable when the horizon radius is small, while it is
stable for large radius; there is a phase transition, named Hawking-Page phase transition [30] which is explained by
Witten [29] as the confinement/deconfinment transition of the Yang-Mills theory in the AdS/CFT correspondence. So
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far, neither charged BHs nor BHs in AdS spaces have been studied in 4D Einstein Gauss-Bonnet models, which is the
aim of this paper.
The paper is organized as follows. In section 2 we review the Einstein Gauss-Bonnet theory in 4-dimensional
spacetime and the static vacuum BH solution obtained in [1]. Next we generalize this result to obtain a charged BH
solution in AdS space in the 4D EGB theory and discuss some of its properties, asymptotics and limits. In section 3
we briefly discuss some thermodynamical properties for this novel BH, such as the Hawking temperature and entropy.
Final remarks are presented in section 4.
2 The 4D Einstein Gauss-Bonnet model and charged solutions in AdS
spaces
The Einstein-Gauss-Bonnet theory in D dimensions is described by the action
S=
1
16pi
∫
dDx
√−g [R+αG ] , (2.1)
where α is the coupling constant of the Gauss-Bonnet term, defined as
G = R2−4RµνRµν +RµνρσRµνρσ , (2.2)
with R the Ricci scalar, Rµν the Ricci tensor and Rµνρσ the Riemann tensor and g the determinant of the metric
gµν . For D = 4 dimensions the Gauss-Bonnet term is a topological invariant, thus not contributing to the dynamics.
However, as found recently in [1], by rescaling the coupling constant by
α → α
D−4 , (2.3)
and then considering the limit D→ 4, Lovelock’s theorem is circumvented and new spherically symmetric BH solu-
tions emerge. The static and spherically symmetric BH solution found in [1] is of the form
ds2 =−e2A(r)dt2+ e2B(r)dr2+ r2dΩ2, (2.4)
with
e2A(r) = e−2B(r) = 1+
r2
2α
(
1±
√
1+
8Mα
r3
)
, (2.5)
with M the BH mass. For negative values of α there is no real solution at short radial distances for which r3 <−8Mα .
Also, in the limit of vanishing coupling constant α and in the far field limit we can only recover the GR Schwarzschild
BH for the negative branch. Henceforth we shall only consider α > 0 and focus mainly on the negative branch
solutions.
2.1 Charged black hole in AdS space in the 4D EGB model
Consider now the Einstein-Maxwell Gauss-Bonnet theory in D dimensions with a negative cosmological constant
Λ0 =− (D−1)(D−2)2l2 given by the action
S=
1
16pi
∫
dDx
√−g
[
R+
(D−1)(D−2)
l2
+
α
D−4G −FµνF
µν
]
, (2.6)
where Fµν is the usual Maxwell tensor. We consider a static, spherically symmetric metric ansatz in D dimensions
given by
ds2 =−e2A(r)dt2+ e2B(r)dr2+ r2dΩD−2, (2.7)
2
and an electrostatic vector potential A = V (r)dt. All functions are radial dependent only and we shall omit this
dependence henceforth. Substituting the metric ansatz (2.7) and the electrostatic potential in the action (2.6) we notice
the existence of a first integral
V ′(r) =− Q
rD−2
eA+B, (2.8)
with Q an integration constant interpreted as the electric charge measured at infinity, and the action reduces to the
remarkably simple form
S=
ΣD−2
16pi
∫
dtdr eA+B(D−2)
[
rD−1ψ (1+α(D−3)ψ)+ r
D−1
l2
+
2Q2r3−D
(D−3)(D−2)
]′
, (2.9)
with the prime denoting a radial derivative, ΣD−2 = 2pi
D−1
2
Γ[D−12 ]
the surface area of the (D−2)-dimensional hypersurface
dΩD−2 and
ψ = r−2
(
1− e−2B) . (2.10)
From the action (2.9) one can find the solution
eA+B = 1, (2.11)
ψ (1+α(D−3)ψ)+ 1
l2
+
2Q2r4−2D
(D−3)(D−2) =
16piM
(D−2)rD−1ΣD−2 , (2.12)
with M the ADM mass, from which, taking the limit D→ 4, we obtain the exact solution in closed form
−g00 = e2A = e−2B = 1+ r
2
2α
(
1±
√
1+4α
(
2M
r3
− Q
2
r4
− 1
l2
))
,
A=
Q
r
dt,
(2.13)
which remarkably coincides with the one obtained in [14, 15] for gravity with a conformal anomaly. There are two
branches of solutions. The one with the plus sign behaves asymptotically as
−g00 ∼ 1+ 2M
r
√
1− 4αl2
− Q
2
r2
√
1− 4αl2
+
r2
2α
(
1+
√
1− 4α
l2
)
+O
(
1
r3
)
, (2.14)
while the solution with the minus sign behaves as
−g00 ∼ 1− 2M
r
√
1− 4αl2
+
Q2
r2
√
1− 4αl2
+
r2
2α
(
1−
√
1− 4α
l2
)
+O
(
1
r3
)
. (2.15)
In the first case, in the limit of vanishing cosmological constant, we asymptotically obtain a Reissner-Nordstro¨m-AdS
solution with negative gravitational mass and imaginary charge, while the latter reduces to the Reissner-Nordstro¨m
solution with positive gravitational mass and real charge. In the limit of vanishing mass and charge one obtains
−g00 ∼ 1+ r
2
2α
(
1±
√
1− 4α
l2
)
+O
(
1
r2
)
, (2.16)
and since the coupling constant is positive, it must obey 0 ≤ α ≤ l2/4, beyond which this theory is undefined. Thus,
we arrive at two AdS solutions with effective cosmological constants [23]
l2e f f =
l2
2
(
1±
√
1− 4α
l2
)
, (2.17)
3
and these coincide in the limit α = l2/4, for which−g00 ∼ 1+r2/l2e f f . On the other hand, if α < 0, the solution is still
an AdS space if one takes the minus sign, but becomes a de Sitter space if one takes the plus sign. The event horizon
of the black holes r+ is larger root of the following equation
1− 2M
r
+
Q2+α
r2
+
r2
l2
= 0, (2.18)
which in the absence of a cosmological constant, has the simple solution
r± =M±
√
M2−Q2−α. (2.19)
For a non-vanishing cosmological constant the expression for r+ is complicated a not particularly elucidative, thus we
do not present it here. The physical properties of this branch differ depending whether the mass M is larger or smaller
than the critical mass given by
M∗ =
√
Q2+α. (2.20)
To illustrate, in Fig. 1 we plot the radial dependence of the metric function −g00 (for the branch with the negative
sign) for three situations: one with M <M∗, other with M >M∗ and the extremal case M =M∗. If M <M∗ there are
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Figure 1: Metric function −g00 as a function of the radial coordinate for several values of M∗/M for the minus sign
branch, in the absence of a cosmological constant. (a, blue) M <M∗; (b, green) M =M∗; (c, red) M >M∗.
no horizons, and thus no BH solutions, while for M >M∗ there are two horizons as given in (2.19), and for M =M∗
there is one degenerate horizon, corresponding to an extremal BH. In the limit α→ 0 we recover, for the negative sign
branch, the Reissner-Nordstro¨m-AdS metric from general relativity
− lim
α→0
g00 = 1− 2Mr +
Q2
r2
+
r2
l2
. (2.21)
Particularly important limits of the theory are:
1. In the case of vanishing charge Q and cosmological constant, we recover 2.5 first obtained in ref. [1].
2. For a vanishing cosmological constant we obtain the electrically charged solution of the theory, analogous to
the Reissner-Nordstro¨m BH from GR electro-vacuum.
3. For both vanishing mass and charge we arrive at the AdS solutions of the model.
4. In the limit α → 0, we recover GR solutions.
4
3 Some thermodynamical properties
In this section, we explore briefly the thermodynamics of this new class of BH. Henceforth, we shall restrict our dis-
cussion to the negative branch of solution, which is the most physically interesting one as one recovers the more
physically interesting solutions in the appropriate limits. BH thermodynamics may provide useful insights into quan-
tum properties of gravitational field, in particular, the thermodynamics of AdS black holes have been of great interest
since the pioneering work by Hawking and Page [30], who suggested the existence of a phase transition in AdS black
holes. We can express the BH mass M+ in terms of r+ by solving g00|r=r+ = 0, resulting in
M+ =
r+
2
(
1+
r2+
l2
+
Q2+α
r2+
)
. (3.22)
The BH has a Hawking temperature given by
T =
κ
2pi
, (3.23)
where κ is the surface gravity given by [31] κ2 =− 12∇µξν∇µξ ν , with ξ µ a killing vector, which for a static, spheri-
cally symmetric case takes the form ξ µ = ∂ µt . For our metric ansatz (2.7) the surface gravity is
κ =
1
2
d
dr
(e2A)|r=r+ , (3.24)
resulting in a Hawking temperature given by
T+ =
3r4++ l
2(r2+−Q2−α)
4pil2r+(r2++2α)
, (3.25)
which in the limit of a vanishing cosmological constant has a real root for M =M∗ defined in 2.20, hence BHs whose
mass is equal to the critical mass are extremal BHs.
In GR the entropy S of a BH obeys the Hawking-Bekenstein formula S = A/4, where A is the area of the event
horizon of the BH. In general, when considering higher order curvature terms, however, the BH entropy does not
satistfy the Hawking-Bekenstein relation. To compute the BH entropy we use the approach of [23,32], which is based
on the fact that, as thermodynamic systems, black holes must obey the first law of thermodynamics
dM = TdS+∑
i
µidQi, (3.26)
where µi are the chemical potentials corresponding to the conserved charges Qi. Using (3.26) one has
S= S0+
∫ 1
T+
dM = S0+
∫ r+
0
1
T+
(
∂M+
∂ r′+
)
Qi
dr′+, (3.27)
where S0 is an integration constant, which can be fixed by using the argument that the BH entropy should vanish as
the event horizon of BH disappears [23]. The BH entropy is then given by
S= pir2++2piα logr
2
++ S˜0 ≡
A
4
+2piα log
A
A0
, (3.28)
with A0 some constant with units of area. This expression coincides with the Hawking-Bekenstein formula plus
a logarithmic correction term. According to statistical interpretations of BH entropy in some quantum theories of
gravity such as loop quantum gravity and string theory, it can be argued that the leading term of statistical degrees of
freedom yield the Hawking-Bekenstein area term, whereas the subleading term is a logarithmic term [14]. However,
it is quite difficult to produce such a logarithmic term in the BH entropy in some effective local theory of gravity
even with higher derivative curvature terms. This theory then provides a possible interpretation for the appearance
of a logarithmic term in the entropy. Remarkably, all explicit contributions from the charge Q and cosmological
constant cancel out, resulting in a simple expression for the BH entropy S. As a remark, the branch with a positive
sign, however, does not obey the Hawking-Bekenstein formula plus a simple correction for the entropy, presenting a
complicated lengthy expression which is not particularly elucidative.
5
4 Conclusions
In this paper, based on the work of Glavan & Lin [1] on the novel 4D Einstein Gauss-Bonnet gravity, we generalized
the vacuum BH solution of the model to include electric charge in AdS spaces. This exact BH solution was derived in
analytical closed form. Next we studied the asymptotics of the solution as well as its dependence on the parameters of
the model. We found that, for the negative branch, the solution resembles the Reissner-Nordstro¨m BH in the far field in
the absence of a cosmological constant and that the model allows solutions with one, two or no horizons depending if
the mass is equal, above or below a certain critical mass respectively. Also, in the limit of vanishing coupling constant
α it was found that one recovers the GR Reissner-Nordstro¨m-AdS solution. We studied briefly the thermodynamics
of this new BH, obtaining the Hawking temperature and its entropy. Remarkably, for the negative branch, the entropy
of the solution obeys the Hawking-Bekenstein area formula plus a logarithmic correction. As an avenue of further
research one may further study the thermodynamics of this solution as well as the quasinormal modes, shadows and
the ISCO as done in [18, 19] for the vacuum solution. As a final remark we would like to point out that to obtain the
counterpart BH solutions in de Sitter space one could take l2→−l2.
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